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Summary. The paper considers a particular family of set-valued stochastic pro- 
cesses modeling birth-and-growth processes. The proposed setting allows us to in- 
vestigate the nucleation and the growth processes. A decomposition theorem is es- 
tablished to characterize the nucleation and the growth. As a consequence, different 
consistent set-valued estimators are studied for growth process. Moreover, the nu- 
cleation process is studied via the hitting function, and a consistent estimator of the 
nucleation hitting function is derived. 



Introduction 

Nucleation and growth processes arise in several natural and technological applica- 
tions (cf. [5, 6] and the references therein) such as, for example, solidification and 
phase-transition of materials, semiconductor crystal growth, biomineralization, and 
DNA replication (cf., e.g., [17]). During the years, several authors studied stochastic 
spatial processes (cf. [10,23,31] and references therein) nevertheless they essentially 
consider static approaches modeling real phenomenons. For what concerns the dy- 
namical point of view, a parametric birth-and-growth process was studied in [25,26]. 
A birth-and-growth process is a RaCS family given by Ot = Un-T <t ®T n (Xn), for 
t £ K+, where Q\ n (X n ) is the RaCS obtained as the evolution up to time t > T n 
of the germ born at (random) time T n in (random) location X n , according to some 
growth model. An analytical approach is often used to model birth-and-growth pro- 
cess, in particular it is assumed that the growth of a spherical nucleus of infinitesimal 
radius is driven according to a non-negative normal velocity, i.e. for every instant 
t, a border point of the crystal x £ dOt "grows" along the outwards normal unit 
(e.g. [3,4,8,16]). In view of the chosen framework, different parametric and non- 
parametric estimations are proposed over the years (cf. [2, 5, 7, 9, 12, 24, 27] and 
references therein). Note that the existence of the outwards normal vector imposes 
a regularity condition on 80 t (and also on the nucleation process: it cannot be a 
point process). 

On the other hand, it is well known that random sets are particular cases of fuzzy 
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sets. Now, in the class of all convex fuzzy sets having compact support, Doob-type 
decomposition for sub- and super-martingales was studied (e.g. [13-15,32]). Nev- 
ertheless, a more general case (than the convex one) has not yet been considered; 
surely, in order to do this, the first easiest step is to consider decomposition for 
random set-valued processes. After which, the step forward, to be considered in a 
following paper, can be to generalize results of this paper to birth-and-growth fuzzy 
set-value processes. 

This paper is an attempt to offer an original approach based on a purely geometric 
stochastic point of view in order to avoid regularity assumptions describing birth- 
and-growth processes. The pioneer work [21] studies a growth model for a single 
convex crystal based on Minkowski sum, whilst in [1], the authors derive a compu- 
tationally tractable mathematical model of such processes that emphasizes the geo- 
metric growth of objects without regularity assumptions on the boundary of crystals. 
Here, in view of this approach, we introduce different set-valued parametric estima- 
tors of the rate of growth of the process. They arise naturally from a decomposition 
via Minkowski sum and they are consistent as the observation window expands to 
the whole space. On the other hand, keeping in mind that distributions of random 
closed sets are determined by Choquet capacity functionals and that the nucleation 
process cannot be observed directly, the paper provides an estimation procedures of 
the hitting function of the nucleation process. 

The article is organized as follows. Section \l . 1 1 contains preliminary properties. Sec- 
tion \T^\ introduces a birth-and-growth model for random closed sets as the combi- 
nation of two set-valued processes (nucleation and growth respectively). Further, a 
decomposition theorem is established to characterize the nucleation and the growth. 
Section l"l.3l studies different estimators of the growth process and correspondent con- 
sistent properties are proved. In Section 11.41 the nucleation process is studied via 
the hitting function, and a consistent estimator of the nucleation hitting function is 
derived. 



1.1 Preliminary results 

Let N, Z, R, R+ be the sets of all non-negative integer, integer, real and non-negative 
real numbers respectively, and let X = R d . Let F be the family of all closed subsets 
of X and ¥' = F \ {0}. The suffixes b, k and c denote boundedness, compactness and 
convexity properties respectively (e.g. F^ c denotes the family of all compact convex 
subsets of X). 

For all A, B C X and a G R+, let us define 

A + B = {a + b : a £ A, b G B} = (J beB b + A, (Minkowski Sum), 
a ■ A — aA = (an : a G A} , (Scalar Product), 



where A — {x G X : x ^4} is the complementary set of A, x+A means {a;}+ J 4 (i.e. 
A translate by vector x), and, by definition, + yl = = a0. It is well known that + 
is a commutative and associative operation with a neutral element but, in general, 
ACI does not admit opposite (cf. [18,29]) and is not the inverse operation of 
+. The following relations are useful in the sequel (see [30]): for every A,B,C C X 




(Minkowski Subtraction) , 
(Symmetric Set), 



A 



{-a : a £ A} , 
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(A U B) + C = {A + C) U (B + C), 
HBCC, A + B C A + C, 
(AQB)+B<ZA and (A + B) Q B ^ A, 

(A u B) e c d {A e c) u (s e c). 

In the following, we shall work with closed sets. In general, if A, B G F then A + B 
does not belong to F (e.g., in X = K let A — {n + 1/n : n > 1} and B = Z, then 
{1/n = (n + 1/n) + (-n)} C A + B and 1/n I 0, but A + B). In view of this 
fact, we define A © B — A + B where (■) denotes the closure in X. It can be proved 
that, if A € F and B G F fc then A + B G F (see [30]). 
For any A, B G F' the Hausdorff distance (or metric) is defined by 

<5ff(/l, _B) = max < sup inf \\a — 6|L , sup inf lla — 6IL > . 

laeAb^B - bsB a£A ■ J 

A random closed set (RaCS) is a map X defined on a probability space (J?, 5, P) 
with values in F such that {u G fi : X(w) PI A" 7^ 0} is measurable for each compact 
set K in X. It can be proved (see [19]) that, if X, X\,X% axe RaCS and if £ is a 
measurable real-valued function, then X\ ffi X2, Xi Q X2, £,X and (Int X)° are 
RaCS. Moreover, if {X ri } ngfJ is a sequence of RaCS then X = U ng pj A„ is so. 
Let A be a RaCS, then T X (K) = P(AnA / 0), for all K G F fe , is its hitting function 
(or Choquet capacity functional). The well known Matheron Theorem states that, 
the probability law Wx of any RaCS X is uniquely determined by its hitting function 
(see [20]) and hence by Qx(K) = 1-T X (K). 

Remark 1.1 (See [22].) If both A and Y are RaCS, then, for every K G F fc , 

T x<B y(K)=E[E[Tx{K(BY)\Y]] . 
Moreover, if A, Y are independent, then, for every K G Ffc, 

Txuy (K) = T x (K) + T Y (K) - T x (K) T Y (K) . 

A RaCS A is stationary if the probability laws of A and X + v coincide for every 
v G 3£. Thus, the hitting function of a stationary RaCS clearly is invariant up to 
translation T x (K) = Tx (K + v) for each K G Ffe and any v G X. 
A stationary RaCS A is ergodic, if, for all Ai, A2 G F, 

r— -7 / Qx((Ai + w) U A 2 )du -> Qx(Ai)Q x (A 2 ), as n -» 00; 

where {VKnjjjgjj is a convex averaging sequence of sets in X (see [11]), i.e. each {W„} 
is convex and compact, W n C VK„+i for all n G N and 

sup {r > : B(x, r) C W n for some a; G M^n} T °°j as n — ♦ 00. 



Proposition 1.2 Let A, y be RaCS with Y G ¥' k a.s. and A stationary, then 
A + y is a stationary RaCS. Moreover, if A is ergodic, then A + Y is so. 
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Proof. Let Z = X + Y, it is a RaCS. Note that 

Tz(K) =E[E [T x (K + Y)\Y]) = E [E [T x (K + Y + v ) j Y}} =T z (K + v), 

for every K £ Wk and v £ X, then Z = X + Y is stationary. Further, let us 
suppose that X is ergodic, then, by Tonelli's Theorem and by dominated convergence 
theorem, we obtain 



/ 

Jw 



Qz((K 1 +v)uK 2 ) 

\W n \ 



dv = E 



E 



x(((K 1 +v)uK 2 ) + Y)dv Y 



j Wn 

E [E [Q x (Ki + Y)Q X (K 2 + Y)\ Y 
Qz(K 1 )Q z (K 2 ), 



for every Ki, K 2 £ Ffe. Hence X + Y is ergodic. 



1.2 A Birth-and-Growth process 

Let (J?, 5, {3n}„ gN , P) be a filtered probability space with the usual properties. 
Let {B n : n > 0} and {G n : n > 1} be two families of RaCS such that B n is im- 
measurable and G n is 5™-i-measurable. These processes represent the birth (or 
nucleation) process and the growth process respectively. Thus, let us define recur- 
sively a birth-and-growth process O = {On : n > 0} by 

_ / (0 n _i eG n ) UB n , n > 1, , . 

Roughly speaking, Equation (|l.ip means that n is the enlargement of (9 n _i due 
to a Minkowski growth G n while nucleation B n occurs. Without loss of generality 
let us consider the following assumption. 
(A-l) For every n > 1, € G„. 

Note that, Assumption |( A-l)] i s equivalent to O n -i Q On- 

In [1], the authors derive from a continuous time birth-and-growth process; 

here, in order to make inference, the discrete time case is sufficient. Indeed, a sample 
of a birth-and-growth process is usually a time sequence of pictures that represent 
process O at different temporal step; namely <9 n -i, O n . Thus, in view of it 
is interesting to investigate {G„} and {B n }; in particular, we shall estimate the 
maximal growth G„ and the capacity functional of B„. For the sake of simplicity, 
Y , X, G and B will denote RaCS 0„, n -i, G n and B n respectively (then X C Y). 
Thus, let us consider the following general definition. 

Definition 1.3 Let Y , X be RaCS with X C Y. A X -decomposition of Y is a 
couple of RaCS (G, _B) for which 

Y = (X®G)UB. (1.2) 

Note that, since we can consider (G,B) = ({0},Y), there always exists a X- 
decomposition of Y . It can happen that G and B in (|1,2H are not unique. As example, 
let Y = [0,1] and A = {0}, then both (Gi,Bi) = (Y, Y) and (G 2 ,B 2 ) = (X,Y) 
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satisfy (|1.2p . As a consequence, since we can not distinguish between two different 
decompositions, we shall choose a maximal one according to the following proposi- 
tion. 

Proposition 1.4 (See [30]) Let Y , X be RaCS with X C Y. Then 

G = Y e X = {g £ X : g + X C . (1.3) 
is the greatest RaCS, with respect to set inclusion, such that (X (jG)cy. 

Corollary 1.5 The couple (G = YeX,B = Yn (X G) c ) is the max-min X- 
decomposition of Y. As a consequence, (G,B) is a X-decomposition of Y and for 
any other X-decomposition of Y, say (G 1 , B'), then G'CG and B' D B. 



In other words, i£X,G',B' are RaCS and y = (XQG')UB', then G = FeX D G' 
&nd Y = (X ® G) U B' . 

Let be as in (|1.1[) . From now on, G„ denotes <9 n ©n-i that, as a consequence 
of Assumption |(A- 1)| contains the origin. Moreover, we shall suppose 
(A-2) There exists K £ ¥' b such that G n = n G n -i C if for every n £ N. 
(A-3) For every n > 1, (B n Q 6>„-i) = almost surely. 

Roughly speaking, Assumption (A-2)| means that process does not grow too "fast" , 
whilst Assumption (A-3) | means that it cannot born something that, up to a trans- 
lation, is larger (or equal) than what there already exists. 

Let us remark that Assumption (A-2) implies {G„} C and X © G n = X + G n , 
for any RaCS X. 



1.3 Estimators of G 

On the one hand Proposition 1 1 .41 gives a theoretical formula for G, but, on the other 
hand, in practical cases, data are bounded by some observation window and edge 
effects may cause problems. Hence, as the standard statistical scheme for spatial 
processes (e.g. [23]) suggests, we wonder if there exists a consistent estimator of G 
as the observation window expands to the whole space X. 

Proposition 1.6 If {W;} igN C ¥' ck is a convex averaging sequence of sets, then, 

for any K £ ¥' k , X = U;<=n © ^ n ^ ms case ! we sav that {Wi} igN expands to X 
and we shall write W% ] X. 

Proof. At first note that X = [J ieN ^t Wi and for any i £ N, Wi C Wi+i. 

Let x £ X and K £ ¥' k . Note that, x + K £ ¥' k is a compact set. Then there exists 

a finite family of indices I C N such that, if N = max/, then 

x + K C (J Int Wi = Int W N - 

Hence, we have that x £ Int Wn Q K C Wn Q K, i.e., for any x £ X, there exists 
no £ N such that x £ W no QK. ■ 
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Let W G {VKi} igN be an observation window and let us denote by Yw and Xw, the 
(random) observation of Y and X through W, i.e. Y (~l W and X f~)W respectively. 
Let us consider the estimator of G given by the maximal Xw -decomposition of Yw'- 

G w = {Y w eXw) (1.4) 

so that Xw © G w C Yw C W . Notice that, whenever Y and X are bounded, then 
there exists Wj G {Wi} i6 „ such that F C Wj and X C Wj, hence G Wj = = G. 

In other words, on the set {uj G O : X(uj),Y(u)) bounded}, the estimator (|1.4|l is 
consistent 

G w . (Y, X\Y,X bounded) -f G, as W» T X; 

otherwise, as we already said, if Y and X are unbounded, edge effects may cause 
problems and the estimator (|1.4|l is, in general, not consistent as we discussed in the 
following example. 

Example 1.7 Let X = K 2 , let us consider X = ({x = 0} U {y = 0}) and Y = 
X + 5(0, 1) where -8(0, 1) is the closed unit ball centered in the origin. Surely 
X C Y, and they are unbounded. Note that Y = (X + G) for any G such that 
({0} x [-1, 1] U [-1, 1] x {0}) C G C B(Q, 1). On the other hand, by Proposition 
11.41 there exists a unique G that is the greatest set, with respect to set inclusion; in 
this case G = [—1, 1] x [—1, 1]. 

Let us suppose G Wo and let W G {VK;} igN , then, by Equation (|1.4[) , the estimator 
of G is G w = {0} 7^ G. This is an edge effect due to the fact that, for every G' with 
{0} C G' C G, it holds (X w + G') n W c and then X w + G' g Y»- that does 
not agree with Proposition 11.41 



Edge effects can be reduced by considering the following estimators of G 

g w = (Y w ex WQ]t )nK, (i.5) 

G w = ([y w U (g^ k X w )] e iw) n if; (1.6) 
where K is given in Assumption (A-2) and where (d^ Xw) = {Xw + if) \ VK. The 



role of K will be clarified in Proposition 1 1 . 81 where it guarantees the monotonicity of 
G w . Note that, estimators (|1.5[) (|1.6|l are bounded (i.e. compact) RaCS, moreover, 
if Y and X are bounded, then G Wj , G Wj eventually coincide with the estimator 
(|1.4|l ; i.e. there exists no such that for all j > no, G^. = G^ = G Wj = G. 

Let us explain how G w and G w work. Estimator G w is obtained by reducing the 
information given by X to the smaller window W Q K, whilst Y is observed in 
W . Then G w is the greatest subset of K, with respect to set inclusion, such that 
Xwqk + G w 5= Yw (see Proposition ll.4|l . Estimator G w is obtained by observing 
X in W (and not VKGif), whilst Y is increased (at least) by (d w K Xw), that is the 
greatest possible set of growth for X outside of the observed window W. Then G w 
is the greatest subset of K, with respect to set inclusion, such that (Xw + G w ) n 
W C Yw, or, alternatively, Xw + G w C IV'; where IV' = U (9^ x Xvia) (see 
Proposition ll.4|l . 

Note that by definition of Minkowski Subtraction 
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Gw = f\ e x weJ , x + ((-x + K)n Y w ) , 

Gw= C\ x ex w x+((-x + K)nY w ,); 

i.e. every x £ I ffe j (resp. x £ Xw) "grows" at most as {—x + K) PI Yw (resp. 
(-x + K)nY w ,). 

Now, we are ready to show the consistency property of G w . and G w . In particular, 
Proposition 11.81 proves that G w decreases, with respect to set inclusion, to the 
theoretical G, whenever Wi expands to the whole space (Wi | X). Proposition 11.91 
proves that, for every W £ F', G w is a better estimator than G w and hence it is a 
consistent estimator of G. 

Proposition 1.8 Let Y, X be RaCS, let G G = Y X C if. The following 
statements hold for G w : 

(1) G C G w for every W; 

(2) G W2 CG Wl ifW 2 3 Wi; 

(3) If Wi T X, then n iSN G^- t = G. Moreover, 

lim fe(Gl.,G) =0. (1.7) 

i — *OG 

Proof. 

(1) Since £ K, f] kGK -k + W = W K C W and then I^qj C W. Let 
,g 6 G, then g + X C y. Since g £ K, last inclusion still holds when X and Y are 
substituted by X we ^ and Yw respectively: g + X WQ ^ C Yw- Thus <? £ G w follows 
by Definition (|1.5[) and Proposition 11.41 

(2) In order to obtain G W2 C G Wl , it is sufficient to prove that 

X-WxQK + Cvv 2 £ (1-8) 

since G Wl is the greatest set, with respect to set inclusion, for which the inclusion 
CL8} holds. In fact, Wi K C (Wi e A") + if C Wi C W 2 , then C I ff2 . 

Let a: G A"wiGK = (Wi © if) > then 2; € Xw 2 ■ By definition of G W2 , we have 

x + G W2 C Yw 2 C Y. 

On the other hand, since x £ Wi if and Gw 2 C if, we have 

ac + G W2 C (Wi if) + if C W i; 

i.e. a: + GL is included both in Y and in Wi. 

(3) Since G C DigN » it remains to prove that 

G w . C G; 

iSN 

i.e. if g G G Wi for each i £ N, then g £ G. Take g £ HieN G Wj 
G Wl , we have 

g + x £ Y for all x £ X w . e ^ and Vl G N. 



By definition of 
(1.9) 
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By contradiction, assume g G. Then g + X Y , i.e. there exists x £ X such that 
(g + x) Y. On the one hand, Proposition [L6] implies that there exists j £ N such 
that x £ Wj Q K. On the other hand, Equation (|1.9|l implies g + x £ Y which is a 
contradiction. Thus Theorem 1.1.18 in [19] implies (|1.7p . ■ 

Proposition 1.9 For every W £ F', G C G^- C G^. 

Proof. Let us divide the proof in two parts; in the first one we prove that G%y C G\y, 
in the second one that G C G^. Let g £ G%, and x £ X we j^. Since G^/ C K, we 
have 

2 + £ (WeK) +Gw c (w e AT) + # C W; (1.10) 

where we use properties of monotonicity of the Minkwoski Subtraction and Sum. 
Moreover, by definition of G\y, 

x + g£Y w , or x + g £ (d^ K Xw) C W° . 

By ([l.lOp . x + g £ Yw?. The arbitrary choice of a; £ X we ^- completes the first part of 
the proof. For the second part, let g £ G and x £ Xw By definition of G, x-\-g £ Y. 
We have two cases: 

x + g £ W, and therefore a; + g £ Yw, 
- x + g <?W. Since x £ X w , x + g £ (X w + G)\W C^+^Xw). ■ 

Corollary 1.10 G^ is consistent (i.e. G^ J. G whenever W f X). 



j4 General Definition of G\r . The following proposition shows that the esti- 
mator in (|1.6[1 can be defined in an equivalent way by 

G 2 W (Z) = { \y w u (a^z)] e x w ] ; 

where (d^ K X) in lfL6]l is substituted by (<9^ X Z) with 

\\( ffe «) C Z C W (1.11) 

In other words, we are saying that, under condition fLTT}, G^(Z) does not depend 
on Z. From a computational point of view, this means that Z can be chosen in a 
way that reduces the computational costs. On the one hand, the best choice of Z 
seems to be the smallest possible set, i.e. Z — X w ^^ we ^y On the other hand, in 

order to get X w ^f We ^\, we have to compute (1^9^) that may be costly if at 
least one between W and K has a "bad shape" (for instance it is not a rectangular 
one). 

Proposition 1.11 If Z\,Zi £ ?P' both satisfy condition (|1.11[) . then G%/{Z\) = 
G' W (Z 2 ). 
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Fig. 1.1. We consider two pictures of a simulated birth-and-growth process, at 
two different time instants, that in our notations are X and Y. Emphasizing the 
differences, we report here the magnified pictures of the true growth used for the 
simulation, the computed G 2 V , G\r and G^q^-. Note that they agree with Propo- 
sition [ITS] and Proposition 11,91 since G^^^ D G\y D G^y- 



Proof, ft is sufficient to prove: 

(1) Zi C Z 2 implies G^(Zi) C G 2 w {Z 2 )\ 

(2) G 2 w {W)<ZGl-(x w ^ weR) ). 

In fact, (1) and (2) imply that G^iW) = G%/ \^w\{wbk)) - ^ ^ ne same time 

they imply G%/{Z) = Gw (^w\^weit)) holds for every Z that satisfies that 
is the thesis. 

STEP (1) is a consequence of the following implications 

Zi C Z 2 Zi + K C Z 2 + K, 

=► Y w U [(Zi + /<) \ W] C F w U [(Z 2 + if ) \ W] , 
=> G w (Zi) C Gw(Z2); 

where the last one holds since Xi 9 V C X 2 9 V if X\ C X 2 (see [30]). 
Before proving the second step, we show that G^- (Z) = G%/ \^w\(wek)) ^ or 
all Z that satisfies p. lip . This statement is true if [^w\(wQii^ + \ W and 
(Z + iv ) \ are the same set. Since Minkowski sum is distributive with respect to 
union, we get 
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(Z + K)\W= \{z wx{weR) U Z WQk ) + A'J \ W 

= [{ z w\(weK) + K) \ W] U [{Z weit + A) \ W] . 
Then we have to prove that [(Z We g + A) \ W] = : 

{z weR + k) \ w = { [z n (w e a)] + k} \ w 

c {(z + K) n [{w e k) + k] } \ w 
c [(z + if) n w] \ w = 0. 

fje/ Since G 2 W {X W ) = G 2 w [x wx{wek ^j, thesis becomes G 2 W (W) C 
Gw^w)- Let g e (^^(W 7 ). We must prove g e G 2 V (X W ), i-e. for every x- 6 X W ' 

g + ielV, or g + x G (Iw + A') \ W. 

Since g G G^(W), for any x G Xn< we can have two possibilities 

(a) g + xeYw, 

(b) g + x G (W + K) \ W. 

It remains to prove that (b) implies g + x G (Xw + K)\W . In particular, (b) implies 
g + x £ W c . At the same time g + x £ X w + A, i.e. g + x G (AV + K) \ W . ■ 

1.4 Hitting Function Associated to B 

In many practical cases, an observer, through a window W and at two different 
instants, observes the nucleation and growth processes namely X and Y . According 
to Section 11.31 we can estimate G via the consistent estimator G%/ or G\y (in the 
following we shall write G w meaning one of them). From the birth-and-growth 
process point of view, it is also interesting to test whenever the nucleation process 
B — {B n } ner} is a specific RaCS (for example a Boolean model or a point pro- 
cess). In general, we cannot directly observe the n-th nucleation B n since it can 
be overlapped by other nuclei or by their evolutions. Nevertheless, we shall infer on 
the hitting function associated to the nucleation process Tb„(-). Let us consider the 
decomposition given by (|1.2|l Y = (A + G) U B then the following proposition is a 
consequence of Remark 1 1.1 1 

Proposition 1.12 If (G, B) is a A-decomposition of Y such that B is independent 
on X and on G, then, for each K G Ffe, 

T Y (A) = T x+ G (A) + T B (A) - T x+ G (A) T B (A) , 

that, in terms of Q.(K) = (1 — T. (A)), is equivalent to 

Qy(K) = Qb{K)Q x +g{K). 

In other words, the probability for the exploring set A to miss Y is the probability 
for A to miss B multiplied by the probability for A to miss A + G. 
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Remark 1.13 Working with data we shall consider two estimators of the hitting 
function (we refer to [23, p. 57-63] and references therein). In particular, if X is a 
stationary ergodic RaCS, then Tx(-) can be estimated by a single realization of A 
and two empirical estimators are given by 

Hx(WQKo) 

where [i\ is the Lebesgue measure on X = K and Ko is a compact set such that 
K C K Q for all K £ W k of interest. 



A regular closed set in X is a closed set G £ F' for which G = Int G; i.e. G is the 
closure (in X) of its interior. 

Proposition 1.14 Let G £ ¥' k be a regular closed subset in X. Then, for every 
X £ F', X + G is a regular closed set. 



Proof. Since X + G is a closed set, Int (X + G) C X + G. It remains to prove that 
X + G C Int (X + G). Let y £ A + G, then there exists a; £ A and g £ G such 
that y = £ + g. If p £ Int G, then there exists an open neighborhood of g for which 
U(g) C Int G and a; + (7(g) is an open neighborhood of x + g included in A + G; 
i.e. x + g £ Int (X + G). On the other hand, let g £ dG — G \ Int G, then there 
exists {g,i} ngN C G such that g n — > 3 and £ Int G, for all n £ N. Thus, for every 

n £ N, a; + g n is an interior point of X + G and aj + gn ^a; + (?£ Int (A + G). ■ 



Proposition 1.15 fSee [23, Theorem 4-5 p. 61] and references therein) Let X 
be an ergodic stationary random closed set. If the random set A is almost surely 
regular closed 

sup \Tx,w(K)-Tx{K)\ ^0, a.s. (1.12) 

K C K Q 

as t X and for every Kq £ F'. 



Remark 1.16 Proposition 11.141 together to Equation Ql.ip means that, if {G„} ngN 
is a sequence of almost surely regular closed sets, then {0 n }„ gN is so. 

The following Theorem shows that the hitting functional Qb of the hidden nucleation 
process can be exstimated by the observable quantity Qb,w, where for every K £ ¥k, 

QbMK) ■= ^ W{K) (kV d-13) 

and G w is given by (|1.5|l or (|1.6l l. 
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Theorem 1.17 Let X, Y be two RaCS a.s. regular closed. Let (G,B) be a X- 
decomposition of Y with B a stationary ergodic RaCS independent on G and X. 
Assume that G is an a.s. regular closed set and Qb,w defined in Equation (|f . 13p . 
Then, for any K £ F fe , 

\Qb,w(K) - Qb{K)\ — > 0, a.s. 
I I w\x 



Proof. Let K G Ffe be fixed. For the sake of simplicity, Q., Q. and Q. denote Q.(K), 
Q-,w{K) and Q-,w(K) respectively. Thus, 



\Qb — Qb\ 



■X+G v 



1YWX+G 



Qx+g. 



!X+G 



Since Y D X + G w , Q x+ q > Qy ■ Accordingly to (| 1 . 12[l . Qy converges to Qi 
that is a positive quantity. Thus, thesis is equivalent to prove that 

\QyQx+G — QyQ X+G w \ ~ * 0j a - s - 

as W t X. The following inequalities hold 

< Qx+g \Qy — Qy\ + Qy |Qx+g — Qx+d n ,\ 

< Qx+a Qy - Qy + 

Qy\Qx+G-Q x+ Q \+Qy\ Q X +G wr - Qx+G m ■ 



>Y^X+G 



'X+G v 



Proposition 11.21 and Proposition 11.141 guarantee that X + G is a stationary ergodic 
RaCS and a.s. regular closed, then we can apply (|1.12[) to the first and the third 
addends. It remains to prove that 



tx+G 



as W T X. 



(1.14) 



Since Minkowski sum is a continuous map from F x Ffe to F (see [30]), G w J. G a.s. 
implies X + G w J. X + G a.s. As a consequence, we get that X + G w J. X + G in 
distribution [28, p. 182], which is Equation (|1.14[1 . ■ 
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